Abstract. The current article continues a series of papers on the decomposition of unipotents in a Chevalley group G(Φ, R) over a commutative ring R with a reduced irreducible root system Φ. Fix h ∈ G(Φ, R). Let us call an element a ∈ G(Φ, R) "good", if it belongs to the unipotent radical of a parabolic subgroup and the conjugate to a by h lies in another parabolic subgroup (all parabolic subgroups are assumed to contain the same split maximal torus). The "decomposition of unipotents" method is a representation of an elementary root unipotent element as a product of "good" elements. Decomposition of unipotents implies a simple proof of normality of the elementary subgroup and the standardness of the normal structure of G(Φ, R). However, such a decomposition is available not for all root systems. In this article we show that to prove the standardness of the normal structure it suffices to find one "good" element for the generic element of the group scheme G(Φ, ). We also construct some "good" elements. The question: "When good elements span the elementary subgroup?" will be considered in a subsequent article of the series.
Introduction
The goal of the current article is to give a new proof of the normal structure theorem for a Chevalley group provided that the structure constants are invertible. Let G = G(Φ, ) be a Chevalley-Demazure group scheme with a reduced irreducible root system Φ and E = E(Φ, ) its elementary subgroup. Let R be a commutative ring with a unit. For an ideal a of R denote by C(R, a) the full congruence subgroup of level a and let E(R, a) denote the relative elementary subgroup (see the next section for precise definitions and notation).
Definition. We say that the normal structure of the group G(R) is standard if for each subgroup H G(R), normalized by E(R), there exists a unique ideal a of R such that E(R, a) H C(R, a).
Our proof of the standardness of the normal structure of G(R) is closely related to the decomposition of unipotents techniques. Fix a split maximal torus T in G. We always assume that all root and parabolic subschemes correspond to T . Let h ∈ G(R), r ∈ R, and α ∈ Φ. Choose a parabolic subscheme P such that the root subscheme X α is contained in the unipotent radical U P of P . Suppose that there exist elements a 1 , . . . , a m ∈ U P (R) whose product is equal to x α (r) and such that a Usually, a variation of Whitehead-Vaserstein lemma allows to decompose elements a h i into a product of elementary root unipotents, see e. g. [12, 11] . This provides a straightforward proof of the normality of the elementary subgroup along with an efficient bound on the length of x α (r) h in elementary generators, which is much better than a bound that can be obtained by a localization procedure.
A scheme of the normal structure theorem via decomposition of unipotents is as follows, see [11] . Using the standard commutator formulas one reduces the problem to extraction an elementary root unipotent from a noncentral subgroup H G(R), normalized by E(R) (see e. g. [14] ). If h ∈ H is a noncentral element and a ∈ U P (R) is such that a h belongs to a parabolic subgroup, then it is possible to produce an elementary root unipotent out of the commutator [a, h] ∈ H. This unipotent is nontrivial as soon as [a, h] = e. Decomposition of unipotents ensures that elements a satisfying the above property span the elementary subgroup. Therefore, a noncentral element h cannot commute with all such elements a and we are done.
Usually it is not very difficult to find an element a satisfying the condition indicated above. The real challenge is to prove that such elements generate the elementary subgroup and this is not always true. Therefore, it is important to establish the normal structure theorem based only on the existence of the "good" element.
The idea of the proof is inspired by the generic element method, which was named the "universal localization method" in [10] . Clearly, instead of an arbitrary element h ∈ G(R), where R is an arbitrary ring, it suffices to consider the generic element g ∈ G(A) of the scheme G over the affine algebra A = Z [G] . Suppose that we managed to find a nontrivial element a ∈ U P (A) such that a g lies in a parabolic subgroup Q(A). We have already noticed that a nontrivial root unipotent can be produced out of a noncentral element from a parabolic subgroup. Since the generic element commutes only with the central elements, any subgroup that contains g and is normalized by E(A) contains a root element x β (t) for some β ∈ Φ t ∈ A {0}. Now, let R be a ring and let H be a subgroup of G(R) normalized by E(R). Sending g to an arbitrary element of H one notices that the image of x β (t) under this homomorphism lies in H. We get an alternative: either H contains x β (r) for some r ∈ R {0} and we are done, or H is contained in a subscheme S defined by the equation t = 0. The construction of a ensures that S(F ) = G(F ) for any field F . Therefore the image of H under the map induced by a homomorphism R → F is a proper normal subgroup and, therefore, lies in the center. Then, the centrality of H follows by the standard radical reduction.
Note that the proof of the normal structure theorem from the current article does not depend on the result over a field or a local ring. The case of a ground field as well as the radical reduction follows immediately from the techniques of producing unipotents, developed in the article. All rings and algebras are assumed to be commutative and to contain a unit. All homomorphisms preserve unit elements. The multiplicative group of R is denoted by R * . Let s ∈ R. The principal localization at the element s (i. e. the localization at the multiplicative subset generated by s) is denoted by R s .
Let K be a ring and G an affine group scheme over K. Denote by A = K[G] the affine algebra of the scheme G. By the definition of an affine scheme, an element h ∈ G(R) can be identified with a homomorphism h : A → R. We always do this identification, i. e.
we always view elements of the group of points G(R) of the scheme G over a K-algebra R as homomorphisms from A to R. Denote by g ∈ G(A) the generic element of the scheme G, i. e. the identity map id A : A → A. An element h ∈ G(R) induces the homomorphism
It follows that the image of g under the action of G(h) is equal to h. In the rest of the article for a ring homomorphism ϕ :
is denoted again by ϕ. This cannot lead to a confusion as one always can determine the meaning of ϕ by the argument type of this homomorphism. In view of this agreement we have h(g) = h • id A = h. If R is a subring of R ′ , then we usually identify elements of G(R) with their canonical images in G(R ′ ). The notation A and g introduced above is kept throughout the article.
In what follows G = G(Φ, ) denotes a Chevalley-Demazure group scheme over Z with a reduced irreducible root system Φ of rank at least 2. By definition there exists a split maximal torus T in G. Fix T ; by default all parabolic subgroups contain T and all root subgroups are normalized by T . Let E be the elementary subgroup of G, i. e. the span of all root subgroups.
The center of the group G(R) is denoted by C(R). Let a be an ideal of a ring R. As usually, the principal congruence subgroup G(R, a) is the kernel of the reduction homomorphism ρ a : G(R) → G(R/a), whereas the full congruence subgroup C(R, a) is the inverse image of C(R/a) under this homomorphism. The relative elementary group E(R, a) is the normal closure in E(R) of the subgroup, generated by all root unipotents x α (r), α ∈ Φ, r ∈ a.
The main result of the current article is proved under the following condition.
and R has no residue fields of two elements. The quotient scheme N/T is isomorphic to the constant group scheme associated with W , i. e. N/T (R) can be identified with a certain subset of the group algebra RW , containing W , and N/T (R) = W if there are no nontrivial idempotents in R. An elementẇ ∈ N(R) is called a representative of w ∈ W if its canonical image in N/T (R) equals w. Obviously, two representatives of an element w ∈ W differ by an element from T (R). Therefore, the Gauss cell G w = wT UU − does not depend on the choice of a representative of w. A given element a ∈ G w (R) can be written as a =ẇuv for someẇ ∈ N(R), u ∈ U(R), and v ∈ U − (R). For a root α ∈ Φ and an invertible element ε of R put
Bruhat and Gauss decompositions
It is easy to verify that w α (ε) ∈ N(R) and its image s α in the Weyl group is a reflection with respect to the root α. Hence any element
It is well known that it acts on the root elements as follows:
is a representative of w (here the element of the Weyl group w = T (R)ẇ is considered as a coset).
It is also known that the big Bruhat cell Bw 0 B, where w 0 is the longest element of the Weyl group, is a principle open subscheme of G, see e. g. [7, p. 160] . Since w 2 0 = 1 and w 0 Bw 0 = B − , the Gauss cells
are shifts of the big Bruhat cells. Hence they are principal open subschemes of G as well. If F is a field, then the group G(F ) splits into the disjoint union of the Bruhat cells B(F )wB(F ) over all w ∈ W , see [3, 2.11] . Given w ∈ W the Bruhat cell is contained in a Gauss cell:
Therefore, over a field F Gauss cells G w (F ) cover the group of points G(F ). This means that the family
is an open cover of G by principal open subsets.
For a parabolic subgroup P denote by U P its unipotent radical and by L P its Levi subgroup. Recall that by default all parabolic subgroups are assumed to contain the fixed split maximal torus T . On the other hand, we do not require them to contain the same Borel subgroup. If an order on the root system is given, then the standard Borel subgroup is the Borel subgroup, containing all positive root subgroups. A parabolic subgroup is called standard if it contains the standard Borel subgroup. Let α be a simple root. Denote by P α the standard maximal parabolic subgroup that does not contain the root subgroup X −α .
Basic reductions
In this section we recall some well known facts that reduce the proof of the normal structure theorem to extraction of a nontrivial element from a parabolic subgroup. Their proofs with different levels of generality can be found in [8, 2, 13, 1, 14] . The first assertion is a level computation of a subgroup H G(R) normalized by E(R). In general a level is an admissible pair (q s , q l ) of additive subgroups of R such that the intersection of H with the root subgroup X α (R) equals X α (q s ) for a short root α ∈ Φ and X α (q l ) for a long α. If the structure constants are invertible the situation is much simplier. Namely, q s = q l is an ideal of R. To formulate this result put q α (H) = {t ∈ R | x α (t) ∈ H}, where α ∈ Φ.
Lemma 3.1. Suppose that a root system Φ and a ring R satisfy Condition 1.1. Let H be a subgroup of G(R) normalized by E(R). Then q α (H) is an ideal of R and does not depend on the root α ∈ Φ.
In the rest of the article q α (H) is denoted by q(H). It is called the level of the subgroup H. Thus, for the proof of the normal structure theorem it suffices to show that H C R, q(H) . Factor out the ideal q(H). If the image of H lies in the center we are done. Otherwise, we shall show that H contains a nontrivial root unipotent element. Using the standard commutator formula
one lifts this element to a root unipotent element in H E(R, q), which contradicts the definition of the level. Lemma 3.2. Suppose that for an arbitrary quotient ringR of R any noncentral subgroup H G(R) normalized by E(R) contains a nontrivial root unipotent element. Then the normal structure of the group G(R) is standard.
In the general linear group one extracts a unipotent element as follows. First, a matrix was converted to a matrix with a zero entry, then one produces a matrix with a "zero" column (a column that coincides with the corresponding column of the identity matrix), and finally an elementary transvection was obtained, see e. g. [6, 4] . An analog of a matrix with a "zero" column is an element from a parabolic subgroup. Indeed, we always can produce a root unipotent element starting from a nontrivial element from a parabolic subgroup. This statement was proved in [14, Theorem 1] Lemma 3.3. Let H be a subgroup of a Chevalley group G(R), normalized by the elementary subgroup E(R). Suppose that H ∩ P (R) is not contained in the center of G(R) for some proper parabolic subscheme P of G. Then H contains a root unipotent element x α (r), α ∈ Φ, r ∈ R {0}.
Extraction of unipotents
An analog of a matrix with a zero entry is an element, contained in the product of two parabolic subgroups that are not opposite. Using Lemma 4.2 it is possible to produce a root unipotent starting from such an element. For our proof a slightly different case is required. Namely, Lemma 4.2 produces a root unipotent stating from an element contained in U Q (R)P (R), where P and Q are arbitrary parabolic subgroups that contain a fixed split maximal torus. To ensure that the extracted root unipotent is nontrivial we need to take care about elements that commute with a root subgroup. This problem is solved by the next statement, which is well known by specialists.
Then a belongs to the group of R-points of a proper parabolic subscheme.
In the sequel we frequently use the following commutator identity, which can be easily verified by a straightforward calculation. Let x, y, z be elements of an abstract group G. Then
Lemma 4.2. Let P, Q be two proper parabolic subgroups containing a fixed split maximal torus. Suppose that H contains a noncentral element from U Q (R)P (R). Then H contains a nontrivial root unipotent element.
Proof. Clearly we may assume that P is a maximal parabolic subgroup and Q is a Borel subgroup, in which case U Q = U. Since the rank of Φ is at least 2, there exists a root subgroup X α , contained in the intersection U ∩ L P . By the condition of the lemma there exist a ∈ U(R) and b ∈ P (R) such that ab ∈ H. Let U (0) (R) = U(R) and
Since the group U(R) is nilpotent, there exists k ∈ N such that U (k) Q (R) = {1}. Let i be the largest integer such that a ∈ U (i) (R). We proceed by induction on k − i. If i = k, then a = 1 and the statement coincides with Lemma 3.3. Otherwise, by formula (4.1) for an element r ∈ R we have
If this element is central for any r, then a root unipotent element can be extracted by Lemmas 4.1 and 3.3. Otherwise, the result follows directly from the induction hypothesis.
In particular, if Q = P − = B, then the last lemma shows that a root unipotent element can be extracted from the main Gauss cell. This partial case allows us to handle subradical subgroups. The following calculation immediately implies the normal structure theorem of a Chevalley group over a field. Proof. Suppose that a = bcẇ ∈ H for some b ∈ U − (R), c ∈ B(R), and a preimageẇ of w in the group N(R). Let α = β be simple roots, P = P w α , and Q = P − β . Then H contains the element
If this element is noncentral, then by Lemma 4.2 H contains a nontrivial root unipotent. Otherwise, if h belongs to the center for any r ∈ R, then the element h b = [x α (r), a b ] is central as well. Hence, a b ∈ H is a noncentral element, which commutes with the root subgroup X α (R) modulo the center. By Lemma 4.1, a b lies in a proper parabolic subgroup. Finally, Lemma 3.3 shows that the subgroup H contains a nontrivial root unipotent.
Corollary 4.5. Let R be a field, satisfying Condition 1.1, and let H be a subgroup of G(R), normalized by E(R). Then either H is contained in the center of G(R) or it contains E(R).
Proof. If R is field, then any element of the group G(R) belongs to a Gauss cell. If H contains a noncentral element, then by Lemma 4.4, H contains a nontrivial root unipotent. Now, Lemma 3.1 immediately implies that H contains E(R).
A new look at the decomposition of unipotents
Recall that A = Z[G] denotes the affine algebra of a ChevalleyDemazure group scheme G = G(Φ, ) and g ∈ G(A) is its generic element. Since G is connected, A is a domain. Denote by F the field of fractions of A. In the sequel we identify elements of G(A) with their canonical images in G(F ). For any element w ∈ W the Gauss cell G w = UB − w is a principal open subscheme of G (see [7, II, 1.9] ), hence g ∈ G w (F ). Fix elements u ∈ U(F ), b ∈ B − (F ) andẇ ∈ N(Z) such that g = ubẇ.
Let P be a proper parabolic subscheme of G. Let v ∈ L P (A) ∩ U(A). Consider the element a = v u −1 ∈ U(F ). By the dilation principle (see e. g. [9, Corollary 5.3] ) there exists v such that a ∈ U(A) (actually, since all factors of a belong to U(F ), the dilation principle follows easily from the Chevalley commutator formula). Clearly,
Thus, a is a good element with respect to g. In other words, the set of good elements contains the group
To prove various propositions via decomposition of unipotents it suffices to show that the span of all subgroups J w contains at least one root subgroup for each root length.
We have already mentioned in the introduction that for the goal of the current article it suffices to show that for any ring R the element h(a) does not vanish in G(R) modulo the center for at least one good element a constructed above and h ∈ G(R). Denote by H g = g E(A) the smallest subgroup of G(A), containing g and normalized by E(A).
Lemma 5.1. Let P be a parabolic subscheme of G and w ∈ W . There exists an element c ∈ H g , which lies in the product P − (A)ẇU(A). Moreover, let S be a subscheme defined by the formula
Then the group of points S(R) is a proper subset of G(R) for any ring R = {0}.
Proof. Denote by s an element of the affine algebra A such that G w = Sp Z A s . Decompose g into a product g = ubẇ, where u ∈ U(A s ),
Clearly, if w(α) = α, then we can choose the elementẇ that commutes with X ±α . Now, define h ∈ G w (Z) as follows: if w(α) = α, then h = x −α (1)ẇ, otherwise h =ẇ. By the choice of s its image under the homomorphism h : A → Z is invertible in Z, i. e. equals ±1. We may assume that h(s) = 1 (otherwise we can change s to −s). Since h(g) = h, we have h = h(ubẇ) = h(u)h(b)ẇ = ex −α (ξ)ẇ, where ξ equals 0 or 1. Anyway, the uniqueness of representation of h as a product of an element from U(Z) by an element from B − (Z) byẇ implies that h(u) = e. Thus, we get
Calculation shows that the image of h(c) in G(R) does not lie in C(R) for any R = {0}. Hence, the image of h in G(R) does not belong to S(R).
Actually, for the proof of the normal structure theorem it suffices to prove Lemma 5.1 for one parabolic subscheme P and one element w ∈ W . For instance, if P contains B and w is the longest element of the Weyl group, then the element c constructed above already belong to the parabolic subgroup P (A). The freedom in the choice of P and w is expected to be useful for a description of subgroups of G(Φ, R), normalized by E(∆, R), where ∆ is subsystem of Φ satisfying certain conditions (see [15] ).
Proof of the normal structure theorem
To finish the proof of the normal structure theorem we need the following statement, which is well known by specialists.
Lemma 6.1. Let H be a subgroup of G(R), normalized by E(R). Suppose that if Φ = C 2 , then R has no residue fields of 2 elements. Then [H, E(R)], E(R) = [H, E(R)]. In particular, if [H, E(R)] C(R), then H C(R).
Proof. By [8, Corollary 4.4] under the assumption of the lemma the group E(R) is perfect, i. e. coincides with derived subgroup. Using the Hall-Witt identity we get
E(R), H = [E(R), E(R)], H [H, E(R)], E(R) .
The inverse inclusion is obvious. The second assertion follows immediately from the first one and the fact that the centralizer of E(R) in G(R) coincides with C(R).
Theorem 6.2. Let G be a Chevalley-Demazure group scheme with a reduced irreducible root system Φ of rank at least 2 and let R be a commutative ring with a unit. Suppose that Φ and R satisfy Condition 1.1. Then, given a subgroup H G(R), normalized by E(R), there exists a unique ideal a in R such that E(R, a) H C(R, a).
Proof. By Lemma 3.2 it suffices to prove that if H is not inside the center, then it contains a nontrivial root unipotent element. Let P be a proper parabolic subscheme of G, w ∈ W , and c ∈ G(A) the element from Lemma 5.1. If there exists h ∈ H such that h(c) / ∈ C(R), then h(c) ∈ H is a noncentral element from P − (R) w U(R). Then, by Lemma 4.2 H contains a nontrivial root unipotent element.
Otherwise H is contained in the set of R-points of the subscheme S defined in Lemma 5. Since m is an arbitrary maximal ideal, we have [H, E(R)] ⊆ G(R, J), where J is the Jacobson radical of R. On the other hand, by Lemma 6.1 [H, E(R)] is not contained in the center of G(R). Hence, by Lemma 4.3 this subgroup contains a nontrivial root unipotent. This completes the proof.
